On the largest ball of harmonic continuation  by Fugard, T.B
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 90, 548-554 (1982) 
On the Largest Ball of Harmonic Continuation 
T.B. FUGARD* 
Department of Pure Mathematics, The Queen’s University, 
Belfast BT7 INN, Northern Ireland 
Submitted by R. P. Boas 
An expression is derived for the radius of the largest bail, centred at a given 
point, into which a function, harmonic in a neighbourhood of that point, can be 
harmonically continued. 
1. INTRODUCTION 
In this note we shall prove an analogue for functions harmonic in a 
domain in R”, (n > 2) of the following classical result from complex analysis 
which follows immediately from Taylor’s Theorem and Hadamard’s radius 
of convergence formula (see, for example, [ 11). 
THEOREM A. Let f be analytic in a neighbourhood of a point z in the 
complex plane, then the largest disc centred at z into which f can be 
analytically continued has radius R given by 
R = {lim sup (a,)““}-‘, 
m+oo 
where a, =f”(z)/m!. 
(Iflim SUP,,, la,,,j’/m = 0, then f can be analytically continued to the whole 
complex plane.) 
We shall denote arbitrary points of R”, (n > 2) by X = (x, ,..., x,,) and Y = 
(y, ,..., y,) and we put 
” 
IX/= (xf + *** +xy and (X, Y>= v xiyi. 
iti 
We shall use B(r) for the open ball of radius r centred at the origin 0 of R”; 
and S(r) will denote the sphere of radius r centred at 0. 
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Partial analogues of Theorem A have been given for harmonic functions. 
In R*, the following result can be obtained easily from Theorem A (see [9, 
Lemma 6.11). 
THEOREM B. If h is harmonic in a neighbourhood of 0 in RZ, then 
h(r cos 0, r sin 0) has an expansion 
+a,+ v z rm(a,,, cos m0 + b, sin me), 
m==l 
and the series converges in B(R) for 
R = { lim sup(ai + bi)“*“} -’ 
m-em 
and in no larger ball centred at 0. 
For an axisymmetric harmonic function h in a domain in R”, (n > 2) (that 
is, where h(X) depends only on 1x1 and the angle between OX and a fixed 
direction), the following is simple to prove directly and can also be derived 
from Theorem A (see [ 8, Theorem 3 1). 
THEOREM C. Let h be an axisymmetric harmonic function in a 
neighbourhood of the origin 0 in R”, (n > 2) with axis OY for some 
YE R”\(O), so that, by a well-known result. h(X) has an expansion 
where A. = (X, Yj/(Xl ) YI 
and pnwl is the n-dimensional Legendre polynomial of degree m (see 14. 
p. 27flj); then the radius R of the largest ball centred at 0 into which h can 
be harmonically continued is given b> 
R = (lim sup Id,,,ji’m) -I. 
m-u 
Our result is a generalisation of Theorem C for an arbitrary harmonic 
function. 
2. MAIN RESULT 
As in (61, the correct analogue for a harmonic function h of the mth 
derivative of an analytic function turns out to be given by the norm of the 
m th gradient of h. 
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DEFINITION 2.1. Let a = (a, ,..., a,) be an n-tuple of nonnegative integers 
and define 
(al=u, +a** +a,, a! =a,! a,! a** un!, Da = a’“l/&~l . . . &;n. 
Then for each f which is P in some open set and each nonnegative integer 
m, the norm of the m th gradient off is given by 
IV,fl= I 
I/Z 
m! r (D”f)*(u!)-’ . 
la~nl I 
We are now in a position to state our main result. 
THEOREM 2.2. Let h be harmonic in a neighbourhood of a point Yin R” 
(so that h is C” in that neighbourhood), then h can be harmonically 
continued to the bull of centre Y and radius 
R = 2”‘(lim sup((V h(Y)l/m!)“m}-’ m 
m-co 
and to no larger bull centred ut Y. (If the above upper limit is 0, then h can 
be harmonically continued to the whole of R”.) 
We shall assume, without loss of generality, that Y is the origin 0. We 
require the following lemma ([5, Lemma 2.41): 
LEMMA 2.3. Let h be harmonic in B(R), then for 0 < r c R 
1 . 
N(r) c ___ 
c, r”- ’ ! 
h’du=I(n/2) G IVW12 
sfr) L 2”m! Qrn + n/2) r 
2m (1) 
m=O 
where do is the surface area element on S(r) and c, is the surface urea of 
S(l)- 
Proof of Theorem 2.2. We shall first consider the case where 
lim sup0 V h(O)l/m!)“” > 0 m 
m-m 
and assume that h can be harmonically extended to B(R) and to no larger 
ball centred at 0. As N(r) of Lemma 2.3 is finite for 0 < r < R, the radius of 
convergence of the power series in r* from (1) is at least R ‘. Hence 
( V, h(O)/’ T(n/2) 
2mm! P(m + n/2) 
= 2{lim sup(]V h(O)(/m!)““}-‘, m 
m-m 
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as by Stirling’s formula 
*im r(m + n/2) lirn = 1 
m  - Ti ( m! I-@/2) 1 . 
We thus obtain 
R < 2”*(lim sup(lV,h(O)l/m!)““}~~’ = R,. 
m-m 
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(2) 
(3) 
say. By 14, p. 451, h can be expanded in B(R) as 
where H, is a homogeneous harmonic polynomial of degree m and is defined 
in the whole of R”. Let r > 1 and XE E(l), then, by Poisson’s formula. 
whence 
~ 2(c/-‘)I’* 
en@ - 1y-L 
= A@, t) z-(n/2) -? 
(ViH,(O)(’ 
,zo 2’i! r(i + n/2) 
= A(n, t) IV,H,,,(O)l P” 
2”12(m! r(m + n/2))“’ ’ 
(4) 
where the second inequality comes from the Cauchy-Schwarz inequality and 
we have used Lemma 2.3 and the homogeneity of H, of degree m. Here and 
in the sequel A(n, t) denotes a positive number depending on n and t but not 
on m (and which may differ from line to line). 
Let 
Then from (4) 
L,=max(lH,(X)I (XE S(l)}. 
L.““‘< A(n, t)lfm 
( V, H,(O)\ ‘j”‘t 
m 2”‘(m! r(m + n/2))“‘” ’ 
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By (2) and the fact that /V&,(0)( = 1 V,h(O)/ we have 
Iim sup Ly” Q 2-“*r lim sup(]V,h(0)]/m!)“m = l/&. 
m-+4) m+* 
(5) 
As c > 1 is arbitrary 
lim sup Lr” < l/Ro. 
rn~c.3 
Now by homogeneity of H,,, 
and so CzEO H,(X) converges absolutely and locally uniformly to a 
harmonic function at least for 
1x1 < (lim sup Lz”)-’ 
m-a, 
and hence a fortiori for (XJ < R,. By definition of R this means that R, ,< R 
and combining this with (3) we have the result in this case. 
If 
lim sup(( V,h(O)(/m!)“” = 0, 
m-m 
then (5) gives 
lim sup Lzm = 0, 
m-cc 
from which it follows that C~=oH,(X) converges absolutely and locally 
uniformly in the whole of R” and is a harmonic continuation of h. 
3. CONVERGENCE OF THE MULTIPLE TAYLOR 
SERIES OF A HARMONIC FUNCTION 
As a harmonic function is analytic in its domain of definition, it can be 
expanded in a multiple Taylor series in a neighbourhood of any point 2’ in 
the domain. That is. 
h(x) = 5 Q[,. . .&c~ -,v, jiqx2 -yzji2 . * * (x, - VJT (6) 
i,=O 
From Theorem 2.2 and 17, Theorems 1 and 21 we immediately obtain 
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COROLLARY 3.1. (i) If h is harmonic in a neighbourhood of Y in R”. 
(n > 2), then the multiple Taylor series about Y given by (6) converges 
absolutely and locally untformly in the ball of centre Y and radius R, where 
R = (lim sup((V,h(Y)(/m!)““}-‘. 
m-+5 
and may diverge somewhere on the sphere of centre Y and radius R. 
(ii) if h is harmonic in a neighbourhood of Y in R2, then the multiple 
Taylor series about Y converges absolutely and locally uniformly in the 
square 
{(x,,xJ(lx,-Y,( +(x,-y,1 < 2’% 
(where R is as in (i)) and diverges outside this square and the tines x, = 0, 
x2 = 0. 
4. DERIVATION OF THEOREMS B AND C FROM THEOREM 2.2 
Proof of Theorem B. For h given by 
h(r cos 8, r sin 19) = fa, + 2 r”‘(a, cos mB + b, sin mt?) 
in= I 
routine calculation gives 
lv,h(012 = Cm!)’ (d, rz, (y ) + bi ‘& (y ) ) 
= (m!)’ 2m-‘(ak + bi) 
and the result follows. 
Proof of Theorem C. Let Xm,, denote the finite-dimensional vector space 
of homogeneous harmonic polynomials of degree m on R”. From 12, 
Appendix. p. 1971 we have 
dim X m.n = (7) 
Denoting the axially symmetric homogeneous harmonic polynomial 
lXlm P,.,,(A) by I,,,(X), it follows from 131 that 
$ls(,,lb.n do = (dim.Pm.,,) ‘. 
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From Lemma 2.3 and the homogeneity of I,,,, we have 
1 . - 
I 
[2 
c, S(1) m.n 
da = mm I YLtl,,(~)l’ 
2"m! r(m + n/2) ' (9) 
On combining (7~(9) with the fact that /V,,,h(O)l =d,,, jV,I,,,(O)( we 
obtain 
where 
di = e,(lV,~(0)l/m!>2, (10) 
e, =T(n/2)(n + 2m - 2)(n + m - 2)!/r(n + m - 2)2"r(m + n/2)(n - 2)!. 
Stirling’s formula shows that 
lim e’lm = 4 
m - 
m-m 
and so the result follows from (10). 
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